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Abstract
In this note we consider a heat trace expansion on a manifold with
wedge-like singularity. We show that there are two terms in the ex-
pansion that contain information about the presence of the singular-
ity, namely the logarithmic term ct−1/2 log t and the half power term
+bt−1/2. We also give a geometric expression for c.
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1 Geometric setup
Consider a Riemannian manifold, (M, g), of dimension m such that M =
M1 ∪U , where M1 is a compact manifold with boundary and U = (0, 1)×N
has a fibration (0, 1)× F → U → (0, 1)× Σ, where N,Σ are compact. This
fibration induces a vertical bundle of tangents to the fibres TVN ⊂ TN and
a horizontal cotangent subbundle T ∗HN of cotangents annihilating TVN . We
take a complementary tangent subbundle THN ⊂ TN , inducing a vertical
T ∗VN that annihilates THN such that TN = TVN ⊕ THN .
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The metric on U is
gU = dr
2 + gH + r
2gV (s), r ∈ (0, 1),
where gH is induced from a metric on Σ and gV (s) is a family of metrics on
the fibres, s ∈ Σ.
Assume now that dimΣ = 1, i.e. it is a circle. Assume furthermore that
metric on the fibres does not depend on s, i.e. gV (s) = gV .
gwedge = dr
2 + dθ2 + r2gV , r ∈ (0, 1),
We call such singularity a wedge-like singularity.
2 Curvature tensors near the singularity
In this section we give explicit formulas for the curvature tensors in (U, gwedge)
in terms of the curvature tensors on fibers. For the latter we use the classical
tensor notations and for the tensors on (U, gwedge) we use classical notations
but with tilde.
Let (x1, . . . , xm−2) be local coordinates on a fiber F and
p = (r, θ, x1, . . . , xm−2) ∈ U . For i, j ∈ {r, θ, 1, . . . , m− 2} denote by g˜ij the
components of the metric tensor on gwedge, and by gij for i, j ∈ {1, . . . , m−2}
the components of the metric tensor gV . Then
g˜rr = g˜θθ = 1,
g˜ir = g˜ri = g˜jθ = g˜θj = 0, for i ∈ {θ, 1, . . . , m− 2} and j ∈ {r, 1, . . . , m− 2}
and
g˜ij = r
2gij , for i, j ∈ {1, . . . , m− 2}.
Then
g˜ij,k(r, θ, x) =


2rgij(x), if k = r,
0 if k = θ,
r2gij,k(x) otherwise.
The Christoffel symbols are of course
Γ˜ijk =
1
2
g˜im (g˜mj,k + g˜mk,j − g˜jk,m) ,
and now we express them in terms of the Christoffel symbols Γijk and the
metric tensor gij.
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Let i = r, then
Γ˜rjk =
{
0, if j = r or k = r or j = θ or k = θ,
−rgjk otherwise.
Let i /∈ {r, θ} and j = r, then
Γ˜irk = Γ˜
i
kr =
{
0, if k = r or i = θ or k = θ,
r−1δik otherwise.
Assume that i, j, k /∈ {r, θ}, then Γ˜ijk = Γ
i
jk. Finally Γ˜
θ
jk = Γ˜
i
θk = Γ˜
i
kθ = 0.
The scalar curvature ˜Scal(p) can be expressed in the following way
˜Scal(p) =g˜ij
(
Γ˜mij,m − Γ˜
m
im,j + Γ˜
l
ijΓ˜
m
ml − Γ˜
l
imΓ˜
m
jl
)
=r−2
(
Scal(x)− (m− 2)(m− 3)
)
,
(2.1)
where p = (r, θ, x) ∈ U , x ∈ F and ˜Scal(p) is the scalar curvature on
(U, gwedge), and Scal(x) is the scalar curvature on (F, gV ).
If i, j, k, l /∈ {r, θ}, we obtain
R˜ijkl(p) = r
−2
(
Rijkl(x)− gip(x)gjm(x)(δ
p
kδ
m
l − δ
p
l δ
m
k )
)
. (2.2)
Similarly, for the tensor Ricci
R˜icij(p) = r
−2 (Ricij(x)− (m− 3)gij(x)) . (2.3)
3 Resolvent expansion
Let ∆ be the Friedrichs extension of the Laplace-Beltrami operator on U
∆ = −∂2r +∆Σ + r
−2A(s),
where ∆Σ is the Laplace operator on the singular stratum Σ, A(s), s ∈ Σ
is a smooth family of elliptic operators on functions on fibers F . In the
case of the wedge-like singularity, we have ∆Σ = −∂
2
θ , and A(s) = ∆F +(
m−2
2
(
m−2
2
− 1
))
, where ∆F is the Laplace-Beltrami operator on the fiber F .
Let ϕ(r, θ) be a cutoff function supported near r = 0, by [BS, Theo-
rem 5.2], for d > m/2 the resolvent (∆+z2)−d is trace class and the following
is true
tr(ϕ(r, θ)(∆ + z2)−d)) =
ˆ ∞
0
ϕ(r, θ)σ(r, rz)dr,
3
where σ(r, rz) := σ(r, θ, rz) := trL2(F )(∆ + z
2)−d.
From the local heat kernel expansion of heat kernel away from the singu-
larity we know, see [S, (3.6), (3.17)], that
trL2(F )(∆ + ζ
2/r2)−d ∼ζ→∞
(4pi)−
m
2
∞∑
j=0
(ζ/r)−2d+m−2j
Γ(−m
2
+ d+ j)
(d− 1)!
ˆ
F
rm−2uj(p) dvolF .
Above uj(p) are polynomials in the curvature tensors at p ∈ M that come
from the local heat kernel expansion away from the singularity, in particular
u0(p) ≡ 1, u1(p) = Scal(p) and
u2(p) =
1
360
(
12∆Scal(p) + 5 Scal(p)2 − 2|Ric(p)|2 + 2|R(p)|2
)
.
Hence
σ(r, ζ) ∼ζ→∞
∞∑
j=0
ζ−2d+m−2jσj(r), (3.1)
where
σj(r) =(4pi)
−m
2 r2d−m+2j
ˆ
F
rm−2uj(p) dvolN
Γ(−m
2
+ d+ j)
(d− 1)!
=(4pi)−
m
2 r2d−2+2j
ˆ
F
uj(p) dvolN
Γ(−m
2
+ d+ j)
(d− 1)!
.
(3.2)
We can apply the Singular Asymptotics Lemma to obtain an asymptotic
expansion of the resolvent trace, see [BS, p. 287],
Proposition 3.1.
ˆ ∞
0
ϕ(r, θ)σ(r, ζ)dr ∼
∞∑
l=0
z−l−1
1
l!
 ∞
0
ˆ
Σ
ζ l∂lr
(
σ(r, ζ)ϕ(r, θ)
)
|r=0dθdζ
(3.3)
+
∞∑
j=0
 ∞
0
ˆ
Σ
σj(r)(rz)
−2d+m−2jϕ(r)dθdr (3.4)
+
∞∑
l=m
2
−d+1
z−2d+m−2l log z
ˆ
Σ
∂2d−m+2l−1r
(
σl(r)ϕ(r, θ)
)
|r=0
(2d−m+ 2l − 1)!
dθ.
(3.5)
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Assume ϕ(r, θ) ≡ 1 near r = 0 and consider the last sum in the expansion
L :=
∞∑
l=m
2
−d+1
z−2d+m−2l log z
ˆ
Σ
∂2d−m+2l−1r
(
σl(r)ϕ(r, θ)
)
|r=0
(2d−m+ 2l − 1)!
dθ
=
∞∑
j=m
2
−d+1
z−2d+m−2j log z
Γ(−m
2
+ d+ j) vol(Σ)
(d − 1)!(2d−m+ 2j − 1)!
×
× (4pi)−
m
2 ∂2d−m+2j−1r
(
r2d−2+2j
ˆ
F
uj(p) dvolN
)
|r=0.
To continue the computation we note that for j ≥ m/2 we have
∂2d−m+2j−1r
(
r2d−2+2j
ˆ
F
uj(p) dvolN
)
|r=0
= ∂2j−m+1r
(
r2j
ˆ
F
uj(p) dvolN
)
|r=0,
this makes sense only for j ≥ m−1
2
, therefore
L =
∑
j≥m−1
2
z−2d+m−2j log z
Γ(−m
2
+ d+ j) vol(Σ)
(d − 1)!(2d−m+ 2j − 1)!
×
× (4pi)−
m
2 ∂2j−m+1r
(
r2j
ˆ
F
uj(p) dvolF
)
|r=0
=
∞∑
l=0
z−2d−2l+1 log z
Γ(d+ l − 1
2
) vol(Σ)
(d− 1)!(2d+ 2l − 2)!
×
× (4pi)−
m
2 ∂2lr
(
rm+2l−1
ˆ
F
um−1
2
+l(p) dvolF
)
|r=0
=z−2d+1 log z
Γ(d− 1
2
) vol(Σ)
(d− 1)!(2d− 2)!
×
× (4pi)−
m
2
(
rm−1
ˆ
F
um−1
2
(p) dvolF
)
|r=0.
The last equality is due to the fact that rm−1+2lum−1
2
+l(p) is a smooth function
with respect to r.
By [S, p.47], the logarithmic part in the heat trace expansion coming from
this term is
5
−(4pi)−
m
2 t−
1
2 log t×
1
2
vol(Σ)
(
rm−1
ˆ
F
um−1
2
(p) dvolF
)
|r=0. (3.6)
4 Heat trace expansion
From Proposition 3.1 and (3.6) we obtain
tr e−t∆ ∼t→0+ (4pit)
−m
2
∞∑
j=0
a˜jt
j + bt−1/2 + ct−1/2 log t, (4.1)
where
a˜j =
{´
M
uj dvolM for j ≤ m/2− 1,ffl
M
uj dvolM for j > m/2− 1.
and
c =
1
2
vol(Σ)
(
rm−1
ˆ
F
um−1
2
(p) dvolF
)
|r=0,
b is to be computed.
Note that if m is even, the logarithmic term is zero.
4.1 Logarithmic term in low dimensional cases
Let dimM = 3, then c = 1
12
vol(Σ) Scal(x) = 0, so the logarithmic term is
always zero in this case.
Let dimM = 5, then
c =
1
2
vol(Σ)
ˆ
F
(
1
360
(
5 Scal(p)2 − 2|Ric(p)|2 + 2|R(p)|2
))
dvolF
=−
vol(Σ)
720
(4pi)−2
ˆ
F
(
3(Scal(x)− 6)2 + 6(Ricij(x)− 2gij)
2
)
dvolF .
The above expression is equal to zero if and only if Scal(x) ≡ 6 and Ricij(x) =
2gij(x); equivalently if and only if the sectional curvature of the fiber (F, gV )
is equal to one. Therefore the logarithmic term in this case is equal to zero
if and only if the fiber (F, gV ) is isometric to a spherical space form.
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